We shall study in this paper the hypoellipticity of the following partial differential operator, 
efficient and that of derivative, based on the notion of "modified order" defined in M. Miyake [12] . And for general degenerate p-parabolic differential operators of type (0.1), our result in this paper will become a fundamental one (see K. Shinkai [15] ).
In Appendix A we shall study the hypoellipticity for the degenerate parabolic differential operator given by (0. In Appendix B we shall see that for the study of hypoellipticity of degenerate parabolic differential operators the notion of modified order is a useful one, and we shall be concerned with the operator, where m>n and, a and b are non-zero real numbers. Finally, we note that our result in section 1 can be extended lo the operator defined in R x xl t , and it is given in section 8. § I.
Our purpose in this paper is to give a sufficient condition for the operator P(x 9 t; D X9 d t ) given by (0.1) to be hypoelliptic. And for this purpose let us assume: Then we have
Theorem. Let P(x, t; D x , d t ) be the operator given by (0.1) and let P satisfy the conditions in (H).
(i) // / 0 is a non-negative even integer, then P and its adjoint 1 
P are hypoelliptic in R x xl t .
(ii) // 1 0 is a positive odd integer, then *P is hypoelliptic.
We note that under the conditions in (H) we can easily show that it suffices to consider the following operator instead of P given by (0. 
In fact, it suffices to check that (p-j)/(lj + i)^p/(l 0 + l) and (p-fc)/ p/(/o + l) imply (2p-j-k)l(lj + lk + 2)£plVo + U and that (5 t B) + D(x, t
; D^ + CCx, t; /> x ) = (a t +4 + D)(5, + JJ)-DB + C. Hence in this paper we shall prove our theorem for the operator P given by (1.1) under the conditions in (H). And we shall only prove Theorem-(i), since the proof of Theorem-(ii) is obtained easily combining our argument and that of Y. Kannai [1] or Y. Kato [3] . Therefore throughout this paper we assume that J 0 is a non-negative even integer.
In section 2 we shall give an outline of the proof of our theorem and sections 3-7 are devoted to the proof of our theorem. §2 8 An Outline of the Proof of Theorem As mentioned in section I, we shall prove only Theorem-(i), so we assume that 1 0 is a non-negative even integer.
Let Then from a formal calculation we can obtain a condition on K(x, £, t, s) that 3f becomes a fundamental solution of P. Indeed,
implies that in order that JT is a fundamental solution of P (i.e. = u), it must be hold that
Now let {Kj-(x, ^, t, s)}jL 0 be a sequence of approximate solutions of (2.2) denned by where z$ means uniform convergence in x and f. In (3.5) its convergence is uniform in A; and f when f varies in a compact set.
The above proposition and remark imply Proposition 2.1 by the same way as T. Matsuzawa [8] . In fact, let us prove it assuming Proposition 3.1, and Proposition 3.1 will be proved in the following sections. for some positive constant C N . Combining from (4.12) to (4.14), we have the desired inequality (4.8). 
Proof of Proposition 2.L
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3l' t &'d$'B(x, t; Qxdtt'dr v 'd$-»'G, (l'£l, v'^v,
(x, t, t, s) = v(x, t, t, s)-('v(x 9 t, t, r)C(x, T; 0
And the solution K 0 of (4.20) can be approximated as follows,
Js Using (4.16) and (4.17) we shall prove Proposition 3.1.
43. Estimate of 5;5gK 0 . For this purpose let us prove 
Then using Proposition 4.1, we can show by the same way as the estimate of d*d%K Q that 
)-P(x, t; ^ 8 t ).
We shall prove Proposition 3.1 by induction on j. Then from the assumption of induction and conditions in (H), it suffices to prove the inequalities in Proposition 3.1 when we put the following operators instead of P l9
where a(x, Hence in the followings we shall study the following two integrals, (5.5) where 
In order to study (6.6) we divide it into two cases: (A) The case where (p -k)R^p/(l 0 + l). In this case without loss of generality we may put l k = Q. (B) The case where (p-k)R>p/(l 0 + l).
At first we consider the case (A). In this case (6.6) can be rewritten by
Therefore it suffices only to study the part // (fc) . Then from the assumption of induction, we have 
x}x«a(x, -i)t'-*Kj-i(x, §, T, s)dr
=/(*)+//(*).
At first we consider 1 (&) . The proof of the above theorem performed exactly by the same way as in section 2, except the proof of Proposition 3.1. For the proof of Proposition 3.1, we have to consider the following two cases, Proof, We can show that v should satisfy the following integral equation,
v(x, & t, s) = (t-s)+(t-i;)F(x, T;
./s Then in view of the arguments in section 4, we have for some positive constants C and M, and C(t, s; £) is defined by C(f, s; ^) = k=0 k=0
Therefore by induction on I, we can prove (8.7) and (8.8).
Q. E. D.
Combining the above two lemmas, we can prove the facts stated in Remark 3.1 for K 0 when |£| is bounded.
Appendix A.
In this appendix we shall give a sufficient condition for the follow-ing operator to be hypoelliptic,
where
For the operator given by (A.I), (or more general operator) the study has been made by many authors and detailed results are obtained. So we only give a result which is not covered in another paper.
Let us assume:
There exists a sequence of integers {/w^ij satisfying,
Then we have (ii) // l 2mj9 (j = Q,l,... 9 k) are odd integers, then 1 P is hypoelliptic, but
P(t; D x , d t ) is not hypoelliptic.
Theorem A is proved by the same way as T. Matsuzawa [8] (see also section 2). Without loss of generality, we assume that I 2mj are even integers. Let {Kj(x 9 £, t, s)}J =0 be a sequence defined by In view of Appendix A, our theorem is obvious when / t is an odd integer and a>0, therefore it suffices to consider the following two cases, Case I. /! is an even integer. Case II. /! is an odd integer and a<0. At first, let us consider the Case I. Without loss of generality we may assume that a>0. In fact, if a<0 it suffices only to change the coordinate t by -t. Now we remark that from Petrovsky's theorem forward Cauchy problem for P is uniformly well In fact, it suffices to see that Q.E.D.
Finally we note that recently R. Rubinstein [14] has studied an operator, 
